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We derive the various forms of BRST symmetry using Batalin-Fradkin-Vilkovisky
approach in the case of Abelian 2-form gauge theory. We show that the so-called dual
BRST symmetry is not an independent symmetry but the generalization of BRST
symmetry obtained from the canonical transformation in the bosonic and ghost sec-
tor. We further obtain the new forms of both BRST and dual-BRST symmetry
by making a general transformation in the Lagrange multipliers of the bosonic and
ghost sector of the theory.
I. INTRODUCTION
Abelian antisymmetric gauge theories have become the subject of interest in various
aspects. It was first shown by Kalb and Ramond that Abelian rank-2 antisymmetric
fields can interact with classical strings [1], which was further applied to the dual formu-
lation of Abelian Higgs model [2]. Antisymmetric tensor field appear coupled to gravity
or supergravity fields with higher curvature term in four and ten dimensions [3] and com-
plete understanding of these couplings in superstring theories are crucial in order to have
anomalies cancellation [4]. The rank-2 antisymmetric tensor field generates effective mass
for an Abelian vector gauge field through a topological coupling between these two fields
[5]. A geometric aspect of Abelian rank-2 antisymmetric tensor fields has been discussed
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2in a U(1) gauge theory loop space [6]. A superspace formulation of Abelian antisym-
metric gauge theories and the time evolution invariance of the celebrated Curci-Ferrari
type of restrictions [8] invoked in Abelian 2-form gauge theory to obtain an absolutely
anticommuting and off-shell nilpotent (anti-) BRST as well as (anti-) co-BRST symmetry
transformation have also been studied [7, 9]. BRST formalism [10] is one of the most
elegant method of covariant canonical quantization of gauge theories. Using BRST for-
malism, the canonical covariant quantization of an Abelian rank-2 antisymmetric tensor
field has been studied by many authors [11, 12] in a systematic manner.
A general method of Hamiltonian BRST quantization of systems with first class con-
straints was developed by Batalin-Fradkin-Vilkovisky (BFV)[13]. BFV approach does
not require closure off-shell of the gauge algebra and therefore does not need an auxiliary
field. This formalism heavily relies on BRST transformations which are independent of
the gauge condition. Being based on Hamiltonian, the approach is closer to Hilbert space
techniques and unitarity. This method uses an extended phase space where the Lagrange
multipliers and the ghosts are treated as dynamical variables. The generator of the BRST
symmetry for systems with first class constraints can be constructed from the constraints
in a gauge independent way whose cohomology produces the physical states. The BFV
technique has been widely studied on various model with first class constraints [14–17]
and second class constraints [18, 19].
In 2-form gauge theories, the framework of BFV approach has been used to show
the quantum equivalence of massless antisymmetric second rank tensor field theories with
massless scalar and gauge theories in four and five dimensions [20], to obtain the covariant
representations for the S-matrix of a self-interacting antisymmetric tensor field [21]. It has
also been applied to obtain the operator of BRST transformations and the BRST invariant
effective Lagrangian of an ”Interacting antisymmetric tensor field” using Hamiltonian
BFV-BRST quantization of systems with dependent first class constraints [22].
BRST symmetry provides a basis for the modern quantization of gauge theories. Vari-
ous forms of BRST symmetry have been studied in 1-form gauge theory such as non-local
and non-covariant BRST [23], covariant and non-local BRST [24], non-covariant and local
3BRST symmetry [25] and another local, covariant and off-shell nilpotent BRST symmetry
[26, 27]. It has also been shown that there exists a local, covariant and nilpotent BRST
symmetry, the so-called dual -BRST symmetry under which the gauge fixing term remains
invariant for a free U(1) gauge theory and QED [28, 29]. In 2-form gauge theory, another
local, covariant and nilpotent dual-BRST symmetry is claimed to be the independent
symmetry and not the generalization of BRST symmetry, where the generator of this
symmetry is analogous to the co-exterior derivative of the differential geometry[30, 31].
In this paper, we investigate whether the dual-BRST symmetry is a new independent
symmetry or it is merely an artifact of the canonical transformation in the bosonic sector
and ghost sector. We also derive new forms of BRST and dual-BRST symmetry by making
a general transformation of the Lagrange multipliers in both bosonic and ghost sectors.
The outline of this paper is as follows. In Sec. II, we derive the BRST symmetry
using BFV approach for the case of Abelian 2-form gauge theory. In Sec. III, we discuss
dual-BRST symmetry obtained from the canonical transformations given in Sec. III-A.
In Sec. IV and V, we obtain a new form of BRST symmetry and dual-BRST symmetry
respectively. Finally, in Sec. VI, we make concluding remarks and enlight some new
directions for future works.
II. BFV-BRST APPROACH
We start with the Abelian free 4-D Kalb-Ramond Lagrangian density [1] as
L0 =
1
12
F µνλFµνλ, (2.1)
where the antisymmetric field tensor is defined as Fµνλ = ∂µBνλ + ∂νBλµ + ∂λBµν . In
order to find the Hamiltonian, we calculate the canonical momenta conjugate to B0i and
Bij as
Π0i =
∂L0
∂B˙0i
= 0, (2.2)
Πij =
∂L0
∂B˙ij
=
1
2
F 0ij. (2.3)
4Using Dirac’s prescriptions [32] for constraint analysis, we note that the primary con-
straint in the theory is
Π0i ≈ 0, i = 1, 2, 3. (2.4)
and
∂iΠ
ij ≈ 0, (2.5)
is the secondary constraint. It can be checked that there are no further constraints and the
constraint given in Eq. (2.4) and Eq. (2.5) are first class constraints [12]. The canonical
pairs (B0i,Π
0i) and (Bij ,Π
ij) in the original phase space satisfy the following canonical
commutation relations
[
B0i(x), Π
0j(y)
]
= i δji δ
3(x− y), (2.6)
[
Bij(x), Π
kl(y)
]
=
i
2
(δki δ
l
j − δ
k
j δ
l
i) δ
3(x− y). (2.7)
The canonical Hamiltonian is given by
Hc =
∫
d3x
(
ΠαβB˙αβ − Lkin
)
=
∫
d3x
(
ΠijΠij +
1
12
FijkFijk + 2Π
ij∂iB0j
)
=
∫
d3x (H0 + λΦ) , (2.8)
where, λ ∼ B0i (in this case) is the Lagrange multiplier associated with the secondary
constraint Φ = ∂iΠij and H0 =
∫
d3xH0 =
∫
d3x
(
ΠijΠij +
1
12
FijkFijk
)
. Using BFV
approach [13], we extend the original phase space by introducing the pair of canonically
conjugate anticommuting ghosts (Ci,Pi) , (C¯i, P¯i) and the pair of canonically conjugate
commuting ghosts (β,Πβ), (β¯,Πβ¯) for each of the first class constraints. They have the
following ghosts numbers
gh Ci = −gh Pi = 1, gh C¯i = −gh P¯i = −1, (2.9)
gh β = −gh Πβ = 2, gh β¯ = −gh Πβ¯ = −2. (2.10)
They satisfy the following (anti-)commutation relations
{Ci(x),Pj(y)} = −i δij δ
3(x− y),
{
C¯i(x), P¯j(y)
}
= −i δijδ
3(x− y), (2.11)
[β(x), Πβ(y)] = iδ
3(x− y),
[
β¯(x), Πβ¯(y)
]
= i δ3(x− y). (2.12)
5The phase space is further extended by introducing canonical conjugate pairs (C0,P0) and
(C¯0, P¯0) as Lagrange multipliers to the pair (Ci,Pi), (C¯i, P¯i) and a canonical pair (ϕ1,Πϕ1)
as Lagrange multiplier to the gauge condition. They satisfy the similar anticommutation
relation given in Eq.(2.11) and commutation relation given in Eq. (2.12) respectively.
They have the ghost number as mentioned in Eq. (2.9).
The effective action in the extended phase space becomes
Seff =
∫
d4x
[
Π0iB˙0i +Π
ijB˙ij + C˙iPi +
˙¯CiP¯i + C˙0P0 +
˙¯C0P¯0 +Πββ˙
+ Πβ¯
˙¯β +Πϕϕ˙−HΨ
]
, (2.13)
where
HΨ =
∫
d3xHΨ = H0 + {Q,Ψ} . (2.14)
Ψ is the gauge fixed fermion and Q is the generator of the BRST symmetry. The form of
the symmetry generator in the extended phase space is
Qb = i
∫
d3x
[
2∂iΠijCj +ΠϕP¯0 − P0Πβ¯ + P¯iΠ0i + Pi∂iβ
]
, (2.15)
which satisfies the following algebras
{Qb, Qb} = 0, {HΨ, Qb} = 0,
gh(Qb) = 1, gh(HΨ) = 0. (2.16)
Using the relation δbφ = −i[φ,Qb]± (+ sign for fermionic and - for bosonic nature of φ),
the BRST charge given in Eq. (2.15) will generate the following BRST transformations
δbB0i = P¯i, δbBij = (∂iCj − ∂jCi) , δbΠϕ1 = 0,
δbCi = ∂iβ, δbC¯i = Π0i, δbC0 = Πβ¯,
δbC¯0 = Πϕ, δbϕ1 = −P¯0, δbβ = 0,
δbβ¯ = −P0, δbΠ0i = 0, δbΠij = 0,
δbPi = 2∂jΠji, δbP¯i = 0, δbP0 = 0,
δbP¯0 = 0, δbΠβ = −∂iPi, δbΠβ¯ = 0. (2.17)
6We choose gauge fixed fermion as
Ψ =
∫
d3y
[
−C¯j∂iBij +
1
2
C¯iΠ0i +
1
2
C¯0Πϕ1 −PiB0i − C¯0∂iB0i
+ ΠβC0 − β¯∂iCi + C¯i∂iϕ+ β¯P¯0
]
. (2.18)
We calculate
{Q,Ψ} =
∫
d3x
[
∂iC¯j (∂iCj − ∂jCi)− 2∂iΠ
ijB0j − Π0i∂jBji + P¯iPi + ∂iPiC0
+ ∂iβ¯∂iβ −P0∂iCi − Πϕ1∂iB0i − P¯i∂iC¯0 − P¯0∂iC¯i +Π0i∂iϕ1 +
1
2
Π0iΠ0i
+ P0P¯0 +
1
2
Π2ϕ1 +Πβ¯Πβ
]
. (2.19)
Substituting above equation in Eq. (2.13), the generating functional can be expressed as
ZΨ =
∫
Dχ eiSeff
=
∫
dΠ0i dΠij dB0i dBij dCi dC¯i dPi dP¯i dC0 dC¯0 dP0 dP¯0 dβ dβ¯ dΠβ dΠβ¯
dϕ dΠϕ exp
[
i
∫
d4x
{
Π0iB˙0i +Π
ijB˙ij + C˙iPi +
˙¯CiP¯i + C˙0P0 + C¯0P¯0 +Πβ β˙
+ Πβ¯
˙¯β +Πϕϕ˙−ΠijΠij −
1
2
FijkFijk + 2Πij∂iB0j + ∂jBjiΠoi
− ∂iC¯j (∂iCj − ∂jCi)− P¯iPi − ∂iPiC0 + P0∂iCi + P¯i∂iC¯0 − P¯0∂iC¯i
− ∂iβ¯∂iβ +Πϕ1∂iB0i − ∂iϕ1Π0i −
1
2
Π0iΠ0i −
1
2
Π2ϕ1 −P0P¯0 +ΠβΠβ¯
}]
, (2.20)
which is invariant under the BRST transformation given in Eq.(2.17) and Dχ is the
Liouville measure over the entire phase space. Integrating Eq.(2.20) over Pi, P¯i,Πβ and
Πβ¯ , we obtain
Pi = −
(
∂0C¯i − ∂iC¯0
)
, Πβ =
˙¯β,
P¯i = (∂0Ci − ∂iC0) , Πβ¯ = β˙, (2.21)
after which the generating functional in Eq. (2.20) becomes
Z ′
Ψ
=
∫
Dχ′ exp
[
i
∫
d4x
{
ΠijB˙ij − ΠijΠij + 2Πij∂iB0j −
1
12
FijkFijk −
1
2
Π2
0i −
1
2
Π2ϕ1
+ Π0i (∂0B0i − ∂jBji + ∂iϕ1) + Πϕ1(∂iB0i + ∂0ϕ1)− ∂iC¯j (∂iCj − ∂jCi) + ∂0β¯∂0β
− ∂iβ¯∂iβ + ∂0C¯i (∂0Ci − ∂iC0)− ∂iC¯0 (∂0Ci − ∂iC0) + ∂ · CP0 + ∂ · C¯P¯0 + P¯0P0
}]
.
(2.22)
7Finally, we integrate over Π0i, Πij and Πϕ1 to obtain
Z ′′
Ψ
=
∫
Dχ′′ exp
[
i
∫
d4x
{
1
12
FµνλF
µνλ −
1
2
(∂νB
νµ + ∂µϕ)
2 − ∂µC¯ν (∂
µCν − ∂νCµ)
+ ∂µβ¯∂
µβ + ∂ · CP0 + ∂ · C¯P¯0 + P¯0P0
}]
, (2.23)
which contains the known free Abelian 4D 2-form effective action [7, 28]. After the
integration over Pi, P¯i,Πβ and Πβ¯, the set of BRST transformations given in Eq. (2.17)
becomes
δbB0i = (∂0Ci − ∂iC0) , δbCi = ∂iβ, δbC0 = ∂0β,
δbBij = (∂iCj − ∂jCi) , δbC¯i = Π0i, δbC¯0 = Πϕ1 ,
δbϕ1 = −P¯0, δbβ¯ = −P0, δbβ = 0,
δbP0 = 0, δbP¯0 = 0, δbΠ0i = 0,
δbΠϕ1 = 0, δbΠij = 0, (2.24)
with Π0i = (∂0B0i − ∂jBji + ∂iϕ1) and Πϕ1 = (∂0B0i + ∂0ϕ1) that leave the actions in Eq.
(2.22) and Eq. (2.23) invariant.
III. DUAL-BRST SYMMETRY
In this section, we discuss the dual-BRST symmetry obtained from canonical transfor-
mations of the field variables which leaves the gauge fixing part of the action invariant.
The kinetic part of the 2-form Lagrangian density can be linearized by introducing the
Nakanishi-Lautrup type of auxiliary field, Hµ [33] and a massless scalar field ϕ2 as
L0 =
1
2
HµHµ −
Hµ
2
(εµνηκ∂
νBηκ + ∂µϕ2) , (3.1)
from which the following canonical momenta can be found out as
Πij =
∂L0
∂(∂0Bij)
= −
1
2
ǫijkHk, Πϕ2 =
∂L0
∂ϕ˙2
= −
H0
2
. (3.2)
As done in section I, the effective action in Eq. (2.22) can be re-expressed as
S ′eff =
∫
d4x
[
Πϕ2ϕ˙2 +ΠijB˙ij − ΠijΠij − 2Πij∂iB0j − Πϕ2ǫijk∂iBjk −
1
2
ǫijkΠjk∂iϕ2
8+ 2Π2ϕ2 + Π
0i (∂0B0i + ∂jBji − ∂iϕ)−
1
2
Π2
0i −
1
2
Π2ϕ1 +Πϕ1(∂iB0i + ∂0ϕ)
2
− ∂iC¯j (∂iCj − ∂jCi) + ∂0C¯i (∂0Ci − ∂iC0)− ∂iC¯0 (∂0Ci − ∂iC0) + ∂ · CP0 + ∂ · C¯P¯0
+ P¯0P0 − ∂iβ¯∂iβ + ∂0β¯∂0β
]
. (3.3)
A. Canonical Transformations
We make canonical transformations as follows
Bosonic sector:
Πij → Π˜ij =
1
2
ǫijk Πok, Π0i → Π˜0i = ǫijk Πjk,
Bij → B˜ij = −ǫijk B0k, B0i → B˜0i = −
1
2
ǫijk Bjk,
Πϕ1 → Π˜ϕ1 = 2Πϕ2 , ϕ1 → ϕ˜1 =
1
2
ϕ2, (3.4)
ghost sector:
Ci → C
′
i = C¯i, C¯i → C¯
′
i = Ci, C0 → C
′
0
= C¯0,
C¯0 → C¯
′
0
= C0, Pi → P
′
i = P¯i, P¯i → P¯
′
i = Pi,
P0 → P
′
0
= P¯0, P¯0 → P¯
′
0
= P0, Πβ → Π
′
β = Πβ¯ ,
Πβ¯ → Π
′
β¯ = Πβ , β → β
′ = β¯, β¯ → β¯ ′ = β. (3.5)
It can be easily seen that (Π˜ij , B˜ij) and (Π˜0i, B˜0i) satisfy the commutation relations
[
B˜ij(x), Π˜
kl(y)
]
=
i
2
(
δki δ
l
j − δ
l
iδ
k
j
)
δ3(x− y),
[
B˜0i(x), Π˜
0j(y)
]
= i δji δ
3(x− y), (3.6)
same as Eq. (2.6) and Eq. (2.7). Similarly, it is trivial to see that other transfor-
mations in the ghost sector and bosonic sector are also canonical as they satisfy the
anti-commutation/commutation relation given by Eq. (2.11) and Eq. ( 2.12). After the
canonical transformations, the BRST charge given in Eq.( 2.15) becomes
Qd = i
∫
d3x
[
−ǫijk∂iΠ0j C¯k + ǫijkPiΠjk + 2Πϕ2P0 + P¯0Πβ + P¯i∂iβ¯
]
, (3.7)
9which will generate another form of BRST symmetry as follows
δdB0i = −ǫijk ∂j C¯k, δdBij = −ǫijk Pk,
δdC0 = 2Πϕ2, δdC¯0 = Πβ,
δdCi = ǫijk Πjk, δdC¯i = ∂iβ¯,
δdP¯i = −ǫijk ∂jΠ0k, δdPi = 0,
δdβ = −P¯0, δdβ¯ = 0,
δdΠβ = 0, δdΠβ¯ = −∂iP¯i,
δdΠϕ1 = 0, δdϕ1 = 0,
δdΠϕ2 = 0, δdϕ2 = −2P0,
δdP0 = 0, δdP¯0 = 0,
δdΠ0i = 0, δdΠij = 0. (3.8)
The set of BRST transformations given in Eq. (3.8), when integrated over Pi, P¯i,Πβ and
Πβ¯, becomes
δdB0i = −ǫijk ∂j C¯k, δdBij = −ǫijk
(
∂0C¯k − ∂kC¯0
)
,
δdC0 = 2Πϕ2 , δdC¯0 = Πβ,
δdCi = ǫijk Πjk, δdC¯i = ∂iβ¯,
δdβ = −P¯0, δdβ¯ = 0,
δdΠϕ1 = 0, δdϕ1 = 0,
δdΠϕ2 = 0, δdϕ2 = −2P0,
δdP0 = 0, δdP¯0 = 0,
δdΠ0i = 0, δdΠij = 0. (3.9)
The above transformations are nilpotent and leaves the action given in Eq. (3.3) invariant.
The gauge fixing part of the effective action given in Eq. (3.3) is
Sgf =
∫
d4x
[
Π0i (∂0B0i + ∂jBji − ∂iϕ)−
1
2
Π2
0i −
1
2
Π2ϕ1 +Πϕ1(∂iB0i + ∂0ϕ)
2
]
, (3.10)
and its variation under the set of BRST transformations given in Eq. (3.9) independently
vanishes i.e. δdSgf = 0. The variation of the kinetic part cancels with the variation of the
10
ghost part of the action. Such a from of BRST symmetry is referred to as “Dual-BRST
symmetry”[30, 31]. Hence, we observe that the Qb and Qd, the generator of the BRST
and dual-BRST symmetry respectively, are related through canonical transformations
and therefore is not an independent symmetry but the generalization of usual BRST
symmetry.
IV. NEW FORM OF BRST SYMMETRY
We make general transformation in the sectors of Lagrange multipliers and their cor-
responding momenta such as (Π0i, B0i), (P0, C0), (Πϕ1 , ϕ1) and (P¯0, C¯0) as follows
Π′
0i = −Π0i − (∂0B0i + ∂jBij) , B
′
0i = B0i,
Π′ϕ1 = −Πϕ − ∂iB0i, ϕ
′
1
= ϕ1,
P ′
0
= −P0 −
(
∂0C¯0 − ∂iC¯i
)
, C′
0
= C0,
P¯ ′
0
= −P¯0 − (∂0C0 − ∂iCi) , C¯
′
0
= C¯0. (4.1)
Since, these transformations have Jacobian=-1, therefore it will not affect the path integral
measure. The effective action given by Eq.(2.22) retains its form but the transformations
in Eq. (4.1) will give rise to a set of new form of BRST symmetry as follows
δbB0i = (∂0Ci − ∂iC0) , δbBij = (∂iCj − ∂jCi) ,
δbβ = 0, δbΠij = 0, (4.2)
δbC¯0 = −Πϕ1 − ∂iB0i, δbC¯i = −Π0i − (∂0B0i + ∂jBij) ,
δbβ¯ = −P0 −
(
∂0C¯0 − ∂iC¯i
)
, δbϕ1 = −P¯0 −
(
∂0C0 − ∂iC¯i
)
,
δbΠ0i = δb (∂0B0i + ∂jBij) , δbΠϕ1 = −δb(∂iB0i),
δbP0 = −δb
(
∂0C¯0 − ∂iC¯i
)
, δbP¯0 = −δb (∂0C0 − ∂iCi) . (4.3)
The non-trivial set of transformations are given in Eq. (4.3). These set of BRST trans-
formations are also nilpotent and leaves the effective action given in Eq. (2.22) invariant.
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V. NEW FORM OF DUAL-BRST SYMMETRY
If we make the similar general transformations as given in Eq. (4.1), we obtain an an-
other form of dual-BRST symmetry. The new set of dual-BRST transformations obtained
are as follows
δdB0i = −ǫijk ∂j C¯k, δdBij = ǫijk
(
∂0C¯k − ∂kC¯0
)
,
δdCi = ǫijk Πjk, δdC¯i = ∂iβ¯,
δdC0 = 2Πϕ2, δdC¯0 = ∂0β¯,
δdβ¯ = 0, δdϕ1 = 0,
δdΠϕ2 = 0, δdΠij = 0, (5.1)
δdβ = P¯0 + (∂0C0 − ∂iCi) , δdϕ2 = 2
(
P0 + ∂0C¯0 − ∂iC¯i
)
,
δdΠϕ1 = −δd(∂iB0i), δdP0 = −δd(∂0C¯0 − ∂iC¯i),
δdΠ0i = −δd (∂0B0i + ∂jBij) , δdP¯0 = −δd
(
∂0C¯0 − ∂iC¯i
)
. (5.2)
The non-trivial set of transformations are given in Eq. (5.2). These transformation are
also nilpotent and leave the effective action given in Eq. (3.3) invariant.
VI. CONCLUSION
We consider BRST-BFV formulation for Abelian rank-2 tensor gauge field theory to
discuss various forms of BRST transformations. Dual-BRST was claimed to be a in-
dependent symmetry in the literature. We show that dual-BRST symmetry is not an
independent symmetry but can be obtained from usual BRST by using a canonical trans-
formations in the Bosonic and ghost sector of the theory.
δbφ = −i [φ,Qb]
Canonical T ransformations
−−−−−−−− −→ δdφ = −i [φ,Qd] (6.1)
There exists a mapping between the de-Rham cohomological operators( exterior
derivative d, co-exterior derivative δ and the operator △ = {d, δ}) of the differential
12
geometry and the generator of various forms of BRST symmetry (Qb, Qd and Qw)
respectively, where the Qw is the generator of bosonic symmetry [30, 31]. Therefore, it
is interesting to observe that the two de-Rham cohomological operators (d and δ) can
related through canonical tranformations. We also consider the general transformations
of Lagrange multipliers in bosonic and ghost sector to further obtain the different forms
of BRST and dual-BRST symmetry. All the forms of BRST symmetry presented in
this paper are local, covariant and nilpotent. New forms of BRST transformations
can be used in conjunction with its usual form. These different forms of BRST trans-
formations may be useful in technical point of view, in particular these can simplify
the renormalizable program. Further, BRST-BFV technique straightforwadly can
be extended to higher rank antisymmetric tensor theories. In such cases, the theory
will be reducible at higher and higher levels so that more and more ghosts will be required.
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